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Abstract 

We introduce a generalization of Taub-NUT deformations for large families of 
hyper-Kahler quotients including toric hyper-Kahler manifolds and quiver vari- 
eties. It is well-known that Taub-NUT deformations are denned for toric hyper- 
Kahler manifolds, and the similar deformations were introduced for ALE hyper- 
Kahler manifolds of type by Dancer, using the complete hyper-Kahler metric 
on the cotangent bundle of complexification of compact Lie group. We generalize 
them and study the Taub-NUT deformations for the Hilbert schemes of k points 
on C 2 . 



1 Introduction 
1.1 Taub-NUT spaces 

A hyper-Kahler manifold is a Riemannian manifold (M, g) equipped with 
orthogonal integrable complex structures I±,l2, h with quaternionic relations 
If = 1^ = 11 = ij/jjig = -1 so that each (M, g, Jj) is Kahlerian. Then M 
admits three symplectic forms Ui :— g(Ii-, ■), each of which is Ricci-flat Kahler 
metric with respect to Jj. Throughout of this article, we regard (M, 7i) as 
a complex manifold with a Ricci-flat Kahler metric u>i and a non-degenerate 
closed (2, 0)-form uji + \J — I6U3, so-called a holomorphic symplectic structure. 

The Euclidean space C 2 = M 4 is the trivial example of complete hyper- 
Kahler manifold, whose Ricci-flat Kahler metric is Euclidean and the holo- 
morphic symplectic structure is given by dz A dw, where (z,w) G C 2 is the 
standard holomorphic coordinate. 

In [7], Hawking constructed a complete hyper-Kahler metric on IR 4 with 
cubic volume growth which is called a Taub-NUT space. On the other hand, 
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LeBrun [13] showed that the Taub-NUT space and the Euclidean space C 2 
are isomorphic as holomorphic symplectic manifolds, consequently biholo- 
morphic. It means that the complex manifold C 2 admits at least 2 com- 
plete Ricci-flat Kahler metrics which are not isometric. Such a phenomenon 
should never occur on compact complex manifolds, due to the uniqueness of 
the Ricci-flat Kahler metrics in each Kahler class. The similar relation also 
holds between multi Eguchi-Hanson spaces and multi Taub-NUT spaces. 

A generalization to the higher dimensional case are obtained by Gibbons, 
Rychenkova, Goto [6 J and Bielawski [TJ. They construct Taub-NUT like 
hyper-Kahler metrics by deforming the toric hyper-Kahler manifolds, using 
tri-Hamiltonian torus actions and hyper-Kahler quotient method. 

In [2], Dancer has defined the analogy of Taub-NUT deformations for 
some of the ALE spaces of type D k using {7(2)-actions. His results are 
based on the existence of hyper-Kahler metrics on T*G C for any compact 
Lie group G constructed by Kronheimer [12]. Another generalization to 
noncommutative case is considered in Section 5 of [I]. They considered hyper- 
Kahler modifications for hyper-Kahler manifolds with a tri-Hamiltonian in- 
action, where if is a compact Lie group which is possibly noncommutative. 
Note that the case of [1J does not contains the results in [2], since the ALE 
spaces of type Dk have no nontrivial tri-Hamiltonian actions. 

In this paper, we generalize Taub-NUT deformations for some kinds of 
hyper-Kahler quotients, which enable us to treat the above three cases [HI I], 
[2] and Section 5 of [3] uniformly. As a consequence, we apply the Taub-NUT 
deformations for the Hilbert schemes of fc-points on C 2 . 

1.2 Notation and a main result 

Here, we describe the main result in this paper more precisely. Let a compact 
connected Lie group H act on a hyper-Kahler manifold (M, g, ii, I2, 13) pre- 
serving the hyper-Kahler structure and there exists a hyper-Kahler moment 
map p, : M — >■ ImH eg) h* with respect to ii-action, where ImH = 1R 3 be the 
pure imaginary part of quaternion EI and h* is the dual space of the Lie alge- 
bra h = Lie(if ). Moreover, suppose the if -action extends to holomorphic H 
action on (M, ii), where H c is the complexification of H. Let p : H — > G x G 
is a homomorphism of Lie groups, where G is compact connected Lie group. 
Then H p : = p~ 1 (Ac) C H acts on M, where Ac C G x G is the diagonal 
subgroup, and the inclusion l : H p — > H induces a hyper-Kahler moment map 
H :— 1* op,. If we denote by Z H C h* the subspace of fixed points by coadjoint 
action of H on h*, then we have the hyper-Kahler quotient pT l (i*( > )/Hp for 
each ( G ImH (g) Zjj. In this paper we define Taub-NUT deformations for 
A t_1 ( t *C)/ Hp by the following way. 
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Let Nq = T*G be the hyper-Kahler manifolds with a G x G-action 
constructed by Kronheimer [12], and v : Nq — > ImH <E> (g © g)* be its 
hyper-Kahler moment map described by Dancer and Swann [3]. Then H 
acts on M x iVc by p, and for (x,p) G M x iVc, cr(^,p) : = p( x ) + P*( z/ (p)) 
becomes the hyper-Kahler moment map, accordingly we obtain a hyper- 
Kahler quotient a~ 1 (()/H for each £ G ImH <g> Now we have two hyper- 
Kahler quotients p~ 1 (i*( > )/H p and a~ l {Q/H. If they are smooth, then there 
are Ricci-flat Kahler metrics u[ , and holomorphic symplectic structures 
u>2 + V~ 1^3 , c^2 + v^ML respectively Next we extend p to the holo- 
morphic homomorphism H c — >■ G c x G c and obtain a holomorphic map 

p : tf c /tf p c ^ (G c x G c )/A G c. (1) 

Then the main result is described as follows. 

Theorem 1.1. Let M = M N , and H C Sp(N) acts on M naturally. Assume 
p is surjective. Then there exists an biholomorphism as complex analytic 
spaces 

for each £ G Z^. Moreover, if H p acts on p _1 (i*C) freely, then p~ 1 (i*( > )/H p 
and <7 _1 (£)/if are smooth complete hyper-Kahler manifolds and ip satisfies 

where [-}dr is a de Rham cohomology class. 

1.3 Hilbert schemes of k points on C 2 

We apply the above theorem to M — End(C fc ) <g> c H, H = U{k) x U(k), 
G = U(k) and p = id. Then Zh = K, and p _1 (i*C)/if p becomes a quiver 
varieties constructed in [T3], called the Hilbert scheme of fc-points of C 2 . In 
particular, p~ l {fS)/H p is isomorphic to (C 2 ) fc /<Sfc with Euclidean metric as 
hyper-Kahler orbifolds. In this case, 0" _1 (C)/i7 becomes a smooth hyper- 
Kahler manifolds diffeomorphic to p~ l (i*( > )/H p by Theorem 11.11 and the 
hyper-Kahler metric on <7 -1 (0)/if can be described concretely. 

Theorem 1.2. In the above situation, we have an isomorphism 

a-\0)/H=(C 2 Taub _ NUT ) k /S k 
as hyper-Kahler orbifolds, where ^Taub-NUT ^ s ^ e Taub-NUT space. 
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1.4 Outline of the proof 



Theorem 11.11 is proven in the following way. The hyper-Kahler moment map 
// is decomposed into \i = (/ii,/ic : = ^2 + \/— T//3) along the decomposition 
ImH = M©C, where //i : M — > h* and // • : .1/ :<■ (hp)*, and the other hyper- 
Kahler moment maps and the parameter ( G ImIHI®Z# are also decomposed 
in the same manner. Define sets of "stable points" by 

/^VCcW := tfp-/^VC) 

= {9 ■ % e /^VCc); 5 e , * e p~VC)}, 
^(Cc) Cl := ^'^(C). 
The natural embedding 

^cVCcW> ^(C) ^ ^(Cc)^ 

induce 

which are isomorphisms of complex analytic spaces by [8]. Here, to regard 
A i c 1 (''*Cc)t*Ci/-^p anc ^ °"c 1 (Cc)ci/-^ C as complex analytic spaces, we consider 
the sets of "semistable points" { L *(<cYJci and (Cc)?i i n Section 14751 

Thus the proof of Theorem 11.11 is reduced to construct an isomorphism 
between ^(^(c)^^/ and a^^clci/ H € . First of all, we define an H*9 

equivariant holomorphic map ip : fJ>Q l (t*Cc) — >• &c (Cc) so that a induced 
map ip : ^ {t* Cc) / H p ~+ ^(Cc)/^ is bijective. 

Then it suffices to see that ?/> gives a one-to-one correspondence between 
/x^ (t*£c)t*&/#r and cr^ 1 (Cc)ci/-^ C - To show it, we describe some equivalent 

conditions for x and -^(x) to be x G /Ac 1 ( i *Cc)t*Ci and i>(x) G o'c 1 (Cc)ci i n 
Sectional using some convex functions on G\G C We also need the description 
of the Kahler potential of Nq, which is discussed in Sectional 

This paper is organized as follows. We review the construction of hyper- 
Kahler structures on Nq = T*G C along [12], and describe hyper-Kahler 
moment map by [2] in Section [21 Moreover we describe the Kahler potentials 
of the hyper-Kahler metrics using the method of [H] and [5]. 

In Sectional to obtain other description of /^(^Cc^Ci anc ^ °c (Cc)cij 
we study the relation between a Kahler moment map and some geodesically 
convex functions on Riemannian symmetric spaces. 

In Section HI we prove Theorem II. 1[ by using the description of Kahler 
potentials obtained in Section [2] and the methods in Section 3. 

In Section 5 we apply Theorem 11.11 to the Hilbert schemes of k points 
on C 2 and show Theorem 11.21 Moreover, we see that Theorem 11.11 can be 
applied to quiver varieties and toric hyper-Kahler varieties. 
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2 Hyper-Kahler structures on T*G 
2.1 Riemannian description 

Here we review briefly the hyper-Kahler quotient construction of N G along 
|12j . and describe hyper-Kahler moment map v along [2] [3] - 

Let G be a compact connected Lie group, and || ■ || is a norm on g induced 
by an Ad^-invariant inner product. Consider the following equations 

dT 

+ [T , Ti] + [T jf T k ] = for k) = (1, 2, 3), (2, 3, 1), (3, 1, 2), (2) 

for T := (T ,T U T 2 ,T 3 ) G C\[0, l],g) <g> H. Put 

M G := {T G C\[0, 1], g) <g> H; equations © holds}. 
Then a gauge group Q := C 2 ([0, 1], G) acts on Ac by 

g ■ T := (Ad,T + Ad,T 1; Ad 5 T 2 , Ad 9 T 3 ), 

and we obtain 

A G := JSTg/Qq, 

where Qq := {g G g(0) = g(l) = 1}. It is shown in [12] that Ac becomes a 
C°° manifold of dimesion 4 dim G, and the standard hyper-Kahler structure 
on C 1 ([0,l],g) ® H induces a hyper-Kahler structure <?g, -fc,i> -fc,2> -fa,3 on 
A G . Here, is induced from the L 2 -inner product on C 1 ([0, 1], g) <g)H using 
Adc-invariant inner product on g. 

Now we have a Lie group isomorphism Q/Qq = G x G defined by i — ?► 
(fl'(O)) #(!))• Since acts on Ag, there exists aGx G-action on Ac preserving 
the hyper-Kahler structure. 

Theorem 2.1 Q2j[3j). T/ie hyper-Kahler moment map v = (z/ ,// 1 ) : Ag — > 
ImH <g) (g* © g*) wzt/i respect to the action of G x G on N G is given by 

u°([T]) = (T 1 (0),T 2 (0),T 3 (0)), u\[T]) = -(^(1), T 2 (l), T 3 (l)), 

under the identification g* = g using Ado-invariant inner product. Here we 
denote by [T] G N G the equivalence class represented by T G Ag- 
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2.2 Holomorphic description 



In this subsection, we review that (N G , Ig,i) is identified with a holomorphic 
cotangent bundle T*G C = G c x g c as complex manifolds along [5]|12j. 

For each T e M Gl there exists a solution u : [0, 1] — > G c for an ordinary 
differential equation 

du i /m , — - , 

Ts" = -< T » + >™ 

then T 2 + a/— 1T 3 = Ad u ^ u ^-ig for some (|6g c [12]. Then a holomorphic 
map $ : (N G ,I Gl i) ~* G c x g c is obtained by [T] H> (u(O)u(l) -1 , rj). 

Theorem 2.2 I7ie map $ is biholomorphic and preserves holomor- 

phic symplectic structures. 

The moment map v is decomposed into v = = z/x , z/^ = z/ 2 + y/— lv 3 ) 
along the decomposition ImH = IR © C. Then 

under the identification iV G = G x g c . i/ c is a holomorphic moment map 
with respect to G c x C.' ; action on T*G C . This action is given by 

(j9o,9i)(Q,v) = (goQg^^dgoV) ( 3 ) 

for (g , gi ) eG c xG c and (Q,rj) e G c x g c . 



2.3 Kahler potentials 

Next we describe the Kahler potential of the Kahler manifold (N G , g G , Ig,i)- 
We apply the following results for N G . 

Lemma 2.3 ([S]). Let (M, g, J 1; J 2 , J 3 ) 6e a hyper-Kdhler manifold with iso- 
metric S 1 action generated by a Killing field X , which satisfies 

Lxux = u 2 , L x u 2 = -coi, L x uj 3 = 0, 

where U{ is the Kahler form of (M, g, lj) . If fi is the moment map with respect 
to the S 1 -action on (M, w 3 ), then u\ = 1\J — 16\d\(i, uj 2 = 2y/— 18262(1. 

We apply this lemma as follows. Let u G ,i '■= g G {I G ,Vi ■)> an d define e ld ■ 
[T] := [T , cos 9 Ti + sin 9 T 2 , - sin 9 T x + cos 9 T 2 , T 3 ] for [T] e JV G , which is 
an S^-action on N G preserving cj Gj3 and satisfies the assumption of Lemma 
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(12. 3p . Then the moment map is given by ||21||^ 2 + H^H^ = / (||^i( s ) || 2 + 
\\Us)\\ 2 )ds. 

Moreover, we have another S^-action defined by e %e ■ [T] := [Tq, — sin 9 T3 + 
cos 9 Ti, T2, cos# T3 + sin 9 Ti], which preserves ljg,2- I n this case the moment 
map is given by \\Ti ||^ 2 + H^Hia- Thus we obtain the followings from Lemma 

Proposition 2.4. Put £ : N G R to 5e 

^(m):= \\Ti\\l 2 + l(\\T 2 \\h + \\T 3 \\l 2 ). 

Next we describe the Kahler potential £ as a function on T*G = G x g c . 
The Adc-invariant inner product on g induces a homogeneous Riemannian 
metric on G\G C . Define an antiholomorphic involution of G c by (ge v/ ~^)* : = 
e^^-^g^ 1 for g G G and £ G g, by using the polar decomposition G c = 
G ■ exp(V— lg)- Then G\G C is identified with exp(V— lg) by G ■ g 1— > g*g for 
g G G c . This metric on G\G C is naturally extended to a hermitian metric 
on Th(G\G c ) g) C, which is also denoted by || • \\h- 

Proposition 2.5. For each (Q,7]) G G c x g c = iV G; 

w/iere afc" 1 = Q and P(h , h x ) := {h G C°°([0, 1], G\G C ); /i(0) = /i , M 1 ) = 
hi}. 

Proof. The essential part of the proof is obtained in [5], and we explain the 
outline. Define C : C\[0, 1], g) ® M ->• R by £(T) := HTJ^ + KH^H^ + 
UTall^j). Fix T G Ag, then C\gc. T attains its minimum value at T by Lemma 
2.3 of hence 

^([T]) = min£(^T). 

Here (?q is the complexified gauge group defined by 

Go : = {9tG C = C 2 ([0, 1], G c ); ff (0) = o(l) = 1}, 

and a action on C^fO, 1] , g) <g> H is defined by • (T + V^TTi,T 2 + 
v^TT 3 ) := (Ad g (T o + V Z TT 1 )+0|0- 1 ,Ad s (T 2 +V Z TT 3 )). Take u : [0,1] 
G c as in Section |2~2| and let (Q, 77) G G c x g c be corresponding to [T] G A^ 
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under the identification given in Section I2T21 Then we have Q = u(0)u(l) 1 , 
T 2 (s) + </-LT 3 (s) = Ad u(s)u(0) -i?7. For g G G%, 

9-T = (^g(s)u(s)^(guy 1 (s), Ad g(s)u(s) Ad u{0) -ir] 

Now we extend the Ad^-invariant inner product on g to the C bilinear form 
on g c . From the calculation in the proof of Lemma 2.3 of [5], we obtain 

C{$ ' T ) = f (\\\ h '\\l + lllhAd^mDds, 
where h = (gu)*(gu). Thus we obtain 

S([T}) = min / (hh% + khAd^mDds, 
heP(h M) Jo 4 2 

where ho = u(0)*u(Q), hi = u(l)*u(l) and w(0)w(l) -1 = Q, hence we have 
the assertion. □ 



3 Kahler manifolds with Hamiltonian actions 

Let L c be a complexification of connected compact Lie group L, and L c acts 
on a complex manifold (X, I) holomorphically. Let u be a Kahler form on 
X, and L acts on (X, /, lo) isometrically. Suppose that there is a symplectic 
moment map m : X — > 1* with respect to L action, where 1 is the Lie algebra 
of L. 

Fix an AdL-invariant inner product on 1, then the Riemannian metric 
on the homogeneous space L\L C is induced. We denote by Lg G L\L C the 
equivalence class represented by g G L c , and put 



? ■=- 



t=o 



Le^g G T Lg (L\L l 



for each £ G 1, where {Le^^^g}^ is a geodesic through Lg. 

Now define a 1-form a x>c G fi^iAL ) by {a x>( ) Lg (Q := (to(#:e) - C,<0 
for ( e Zi, which is easily checked to be closed. Since L\L C = 1 is simply- 
connected, a X £ is d-exact and there is a unique primitive function up to 
constant. Accordingly, there is a unique function $> x ^ : L\L C — > K satisfying 
6?$^ = and ^^(L • 1) = 0. Here, the latter equality is a normalization 
for removing the ambiguity, and it is not essential. Then it is easy to check 
that ^ is a geodesically convex function on the Riemannian symmetric 
space L\L C . 
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From the argument in [10j[IB], the naturally induced map 

m-\C,)/L^XjL c 

becomes a homeomorphism, where 

X^ := {x G X; Q x ^ has a critical point}. 

In this subsection we show some equivalent conditions for the existence of 
the critical point of $ z ,c- 

For g G L c , we denote by R g the isometry on L\L C given by the right 
action of L c on L\L C . Then we can check that R* g a x ^ = ctg X ,(, and R g § x ,c ~ 
&g X ,c becomes a constant function, hence X^ is L c -closed. 

Let 

Stab(x) c := {g G L c ; gx = x}, 

and stab(x) c be the Lie algebra of Stab(x) c . We put 

Stab(x) := {g G L; gx = x} = Stab(x) c fl L, 
stab(x) := Lie(Stab(a;)) = stab(a;) c fl 1. 

Note that Stab(x) c contains the complexification of Stab(x) as a subgroup, 
though it is not necessary to be equal. Let^7Ti m : l c — >■ 1 be defined by 
vri m (a + y/^lb) = b for a, b G 1, and put stab(x) := 7r Im (stab(x) c ). Then 
there is the orthogonal decomposition 1 = stab (a;) © V x with respect to AdL- 
invariant inner product on 1. 

Lemma 3.1. For each g G L c , there are 7 G Stab(x) € and £ G V x such that 
L gi = Le^ 1 ^. 

Proof. Consider the smooth function f : Lg ■ Stab(x) c — > 1R defined by 

f(Lgi) := dist AL c(L • l,Lgrf 2 , 

where Lg-Stab(x) c C L\L C is the Stab(x) c -orbit through Lg. Now Stab(x) c 
is closed in L c , then Lg -Stab(a;) c is the closed orbit, hence / is proper. Since 
/ is bounded from below, there is a minimum point Lg / -/ G Lg ■ Stab(x) c . 
By the polar decomposition L c = L x 1, we can take h G L and £ G 1 such 
that hg'yo = e^~^^. Under the identification TL gi0 (L\L c ) = 1, the subspace 
T Lgj0 (Lg ■ Stab(x) c ) is identified with stab {h gj x) = stab(hgx). Since the 
derivative of / at Lg^o vanishes, we have £ G Vh giQX . 
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Take b G stab(x) arbitrarily, and fix a G 1 such that a + \/—lb G stab(x) c . 
Since stab(/ig7 :r) c = Adft 970 (stab(x) c ), there is a + yf—lb G stab(%7 a;) c 
and a + y/^Tb = Adh 97o (a + \f—lb). Since b G stab(/ig7 a;), we have 

= 2V Z T(e,&> = (Z,Ad hgi0 (a + V^b) + (Ad hgi0 (a + V^Tb))*) 

= (Ad (Aff7D j-i£, a + y/^lb) + (Ad (/l97o) *£, (a + V^lb)*} 

= (Ad e „^,a + v /z T6) + (Ad e ^,(a + v /z T&)*) 
= {^a + V^Tb) + (£,-a + V^Tb) 



Thus we obtain £ G Kr. 



□ 



Proposition 3.2. $ x ^ /ias a critical point if and only if all of the following 
conditions are satisfied for some g G L c ; (i) $ gx ,c i> s Stab(gx) c invariant, 
(ii) lim^oo ® gx ,(;(Le 



cx) /or any £ G 1 — stab(oa;). 



Proof. Let "J?.^ has a critical point Lg G L\L C for G L c . Since $ 9 x,c 

I by the homogeneity. 

(Le^ 1 ^) = for all £ G 1. If f £ stab (a;), especially £ £ 

stab(x), 



R* g &x,( is a constant function, we may suppose g 
Then lU^c 



IICII* >o 



and there exists sufficiently small 5 > and ^$ a ;^(Le v ^^) > 5 for all 



00. For any £ G 1, we have 

> 



t > 1. Thus we obtain lim^oo ^^(Le^ 

^^(Le^ 1 ^) > for any t > and obtain ^(Le^ 1 *) > $x,c(^ • 1) 
hence $ Xj ^(L- 1) is the minimum value of & X £, especially is bounded from 
below. Next we show that is Stab(x) c invariant. For any 7 G Stab(a;) c , 
RZ®x,c ~~ is a constant function. If we put R*Q X ^ — Q x ^ = c 7 G R, then 
we have ^^(-Zyy) = ■ 1) + c 7 and ^^(Z/y -1 ) = ^^(I* • 1) — c 7 . Since 

Q X ^(L • 1) is a minimum value, then c 7 should be zero, which implies $> x £ is 
Stab(x) c invariant. 

Conversely, assume that the conditions {i)-{ii) hold. It suffices to show 
that & gx £ has a minimum point in L\L C . To see it, it suffices to see that 



gx£\exp(V gx ) 



has a minimum point by applying Lemma 13.11 where 



exp(V gx ) 



{L ■ G L\L C ; £ G ^} 



and 1 = stab(gx) © V gx is the orthogonal decomposition with respect to the 
Ad^-invariant inner product. Define a smooth function F : S(V gx ) xl^E 
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by 



where S{V gx ) := {£ G V gx ; ||f || = 1}. Now, recall that t h+ $ S:C)C (e 1 ^^) 

is convex and we have assumed that lim|t|_s.oo < =&g:r,c( ev/ ~ T ^) = 00 f° r & U £ £ 
S^V^r). It implies that there exists a unique G R for each £ G S^V^) 
such that F(f,t(0) = 0. Since f F(f,t) = > 0, i : S(V gx ) -> R is 

smooth by Implicit Function Theorem. In particular, £ 1— )■ $ sa; ,c( eA ^*^^) 
becomes a smooth function on the compact manifold S(V gx ), hence it has a 
minimum point £ min G S(V gx ). It is easy to see exp(t(£ min )£ min ) G exp(V r sx ) 
is a minimum point of § gx {\ ex _ p (v gx )- □ 

Since each Stab(x) € -orbit is closed in L\L C , the distance on L\L C induces 
a structure of a metric space on L\L C /Stab(x) c . If § x ^ is Stab(x) c -invariant, 
then it induces a function & x £ : L\L C /Stab (x) c — > R. 

Proposition 3.3. /ias a critical point if and only if is Stab(x) c - 
invariant, and $ Xi ^ is proper and bounded from below. 

Proof. Assume that <£> X £ has a critical point. Then the conditions (i)-(ii) 
in Proposition 13.21 are satisfied for some j 6 L c , accordingly it suffices to 
show the properness of & gx £- Define an equivalence relation in exp(V gx ) 
by Lgi ~ Lg2 if Lgi and Lg^ lie on the same Stab(x) c orbit. Then the 
homeomorphism $ x ,c '■ exp(V^ x )/ ~— > L\L C /Stab(x) c is naturally induced. 
Since $x,clex P (y fl;c ) is proper, $ gXtC is also proper. 

Conversely, assume that $> x £ is Stab(x) c -invariant, and that $> x £ is proper 
and bounded from below. Then the minimizing sequence of $ x ^ always 
converges, therefore has a minimum point. □ 

Proposition 3.4. Assume that (d^ x ^)i-i = 0. Let a diffeomorphism : 
L x 1 — > L c be defined by ^(p, £) '■= ge^^^. Then the restriction 

^zJstab^xstaMx) : Stab(x) x stab(x) ->■ Stab(x) c 

is a diffeomorphism. 

Proof. Let (rf$x,c)L-i = 0. Take 7 G Stab(x) c , and put 7 = ge v/ ~ T '> for some 
g G L and £ G 1. It suffices to show g G Stab (a;) and £ G stab (a;). By the 
proof of Proposition 13.21 we have & X ^(L ■ 1) = § X ^(L ■ 7) = § X ^(L ■ e v/3T ^). 
Since is geodesically convex and {L ■ e v ^ i ^} t6 K is a geodesic, & x £ have 
to be constant on this geodesic. Thus we have 



dt 2 



t=o 



11 



which implies £ G stab(x). Then we obtain 

g = 7e -v/ ^ G Stab(a;) c n L = Stab(x). 

□ 

Remark 3.1. It is shown by Corollary 2.15 in [17] that stab(x) € are reductive 
for all x such that (d§ x ^) L .i = 0- 

Next we assume that there is an L-invariant function ip G C°° (L\L • ) and 
satisfies u = \^ldd(p. Then we have ^ x ^{L-e"^^) = ^(e^^^-x) — (C,6) + c 
for some constant c by the discussion of (2.6) in [8J. Here we may assume 
c = 0, since the existence of the critical point does not depend on the value 
of c. 

Proposition 3.5. Assume that lim^oo <p{e'*~^x)/t = oo holds for all £ G 1 
which satisfy lim^oo ^{e^^^x) = oo. If & x ,( has a critical point, then & x ,st 
also has a critical point for each s > 0. 

Proof. We may assume the conditions (i) (ii) of Proposition 13.21 are satisfied 
for ®x,(- It suffices to show that & x ,s( also satisfies Since <& x ^ is 

Stab (a;) c invariant, we have 

®xx(Lsn) = s^ Xj( (Lgj) + (1 - s)(p(gjx) 

= s<S> XtC (Lg) + (1 - s)<p(gx) = ® X , S {( L 9) 

for all Lg G L\L C and 7 G Stab(x) c , thus & x ,s( is Stab(x) c invariant. Next 
we take £ G 1 — stab(x) and consider the behavior of ^^(e"^^) f° r t — > 00. 
Since lim^oo $aj,c (e^~^) = 00, we have \im t -^oo (p(e"^~^^) = 00 or — (C, £) > 
0. If the latter case occurs, then we obtain lim^oo $ a ,sc(e v/rT ^) = 00. Let 
the former case occur. From the assumption we have (p(e^~^^x)/t — > 00 for 
t — > 00, thus lim^oo $ x ,sc( ev/rTt ^) = 00 I° r a U s > 0. □ 

4 Main results 

4.1 Correspondence of orbits 

In this section we prove Theorem 11.11 Let (M, g, I\, I2, 13), H,G,p and H p 
be as in Section 11.21 First of all, we show the following lemma. 

Lemma 4.1. Let p be defined as (TJP, and assume it is surjective. Then a 
linear map 

p*Unn.A g : Ann.A g -)> Ann.h p 
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is bijective, where 

Ann.A g := { V G g* © g*; (f\ Ag = 0}, 
Ann.h p := {<p G h*; (f\ hp = 0}. 

Proof. The assertion is obvious since p*|Ann.A g is the adjoint map of 

p* : h/h p -)• (gffig)/A g , 

under the identification {h/h p }* = Ann.h p and {(g© g)/A g }* = Ann.A g . 

□ 

Any x G A t c 1 ( t *Cc) satisfies Ac(^) — Cc £ ker t* = Ann.hp by the definition. 
Consequently, there exists a unique r)(x) G (g c )* such that 

AcO) - Cc = p*(-r)(x),r](x)) 

by Lemma which implies (x, l,r)(x)) G ct^^Cc)- Here we identify Nq = 
qC x gC anc | (gC^* _ gC Adcr-invariant C bilinear form. Thus we 

obtain a map ij) : //^ (i*Cc) — >• <J c 1 (Cc) defined by V>(x) := (x, 1,77(2;)), which 
induces a map ip : / u c 1 (i*Cc)/-^p — ► °"c 1 (Cc)/-^ € - 

Proposition 4.2. ^ is well-defined and a homeomorphism. 

Proof. First of all we check the well-definedness. Let x G (t*Cc) and 
h G Hp. Now we may write p{h) = (ho, hi) G G c x G c , and suppose 

/i = hi. Then /ix G /i^ 1 (i*Cc) and ^(hx) = (hx, l,r)(hx)), where T](hx) G g c 
is uniquely defined by £ic(hx) — Cc = P*(~v(hx),T](hx)). Now we have 

fic(hx) - Cc = Ad£-i(/tc(x) - Cc) 

= Ad£_ip*(-7/(x),7/(x)) 

= P*(-AdJ^ 1 J7(x),AdJLiJ7(a;)), 

where Ad* G GL((g c )*) is defined by 

(Ad* g y,0 := (y,Ad,0 

for y G (g € )*,£ e g C i9 £ Gj hence ^(/ix) = Ad* t -i^(x) holds by the unique- 
ness. Since Ad^_i corresponds to Adh under the identification (g c )* = g c , 
we obtain ip(hx) = hip(x). 
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Next we show the injectivity. Take x,x' G /4n 1 (t*Cc) to be ip(x) = htp(x') 
for some h G H c . Then (x, l,r)(x)) = (hx f , hoh^ 1 , Adh fj(x')) , accordingly we 
obtain hoh^ 1 = 1 which implies h G HS. 

The surjectivity is shown by constructing the inverse map of if) as follows. 
Take (x,Q,r)) G o _ c 1 (Cc) arbitrarily. From Section |272| we have 

a c (x,Q,r]) = p c (x) +p*{y{Q,rj)) 

= fic{x) + p*(v, -AdQ-iij) = Cc (4) 

From the surjectivity of the map (JTJ), there exist some h G H c such that 
hoh^ 1 = Q. Then = (h^ 1 , h$ Q) G H c , and we have 

p*(r),-Ad Q -ir)) = p*Ad p{h) (Ad h -ir),-Ad h -ir)) 

= Ad h p*(Ad h -ir],-Ad h -xri). (5) 

By combining (jH)(jHJ), we obtain 

pcih^x) + p*(Ad h -xr), -Ad h -irj) = Cc, 

which means h~ x x G p^ (t*Cc) and 

{j)(hT l x) = (h^x, l,Ad h -irf) = h~ l (x,Q,rj). 

Thus we have the surjectivity of ip. Here, we can take h depending on Q 
continuously in local, therefore the inverse of ip becomes continuous. □ 

We can give group isomorphisms between the stabilizers as follows. Let 

Stab(x) c := {g G H%; gx = x}, 
Stab(x, Q, V ) c := {g G H c ; g(x, Q, rj) = (x, Q, rj)}. 

Then it is easy to check that the inclusion Stab(x) c <—} Stab(-^(a;)) c is sur- 
jective, hence we obtain a Lie group isomorphism 

Stab(x) c = Stab(^(:r)) c (6) 

4.2 Correspondence of stability 

Put 

Pc~( L *(c)<.*Ci = i x e ^c^^Cc); nas a critical point}, 

°'c 1 (Cc)ci = {(?,Q,rj) G o-c^Cc); ^(a-,Q fl ),Ci has a critical point}. 
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In this subsection we prove that ip is a bijection from // c (^(cj^^/Hf to 
<T c 1 (Cc)ci/H' c by using the results in Sectional 

Along Section [21 we define geodesically convex functions 

$ XiCl : H\H C -> R, $ ait . fl : tf p \F p c R, $ ( ,,q,,), Ci : C -> R, 

for x G M and (x, Q, 77) G M x iV G , corresponding to the moment maps m = 
/ti,/ii,cri, respectively. Since H p is a closed subgroup of H, H p \H p z is natu- 
rally embedded in H\H C . Then we have <& x>t *^(H p K) = § x ,c,AHh) for all h G 
H . Moreover we may write *&(x,q,ti),Ci 
for all h G H c from Proposition 12.41 and (2.6) in [8]. 

Proposition 4.3. Let x G Ac^^CcX-Ci ■ £ ^c^CcOci- 

Proof. It suffices to show that ^ has a critical point if $a;,t*Ci nas a 
critical point. 

First of all, it is easy to check that $m x } ^ is Stab(?/>(:r)) c invariant, since 
Stab(a;) c = Stab(^(x)) c and 3> x ,t*Ci * s Stab(a;) c invariant. 

Next we take ( G h, put p*(£) = (£oj£l) an d consider the behavior of 
$^(3.)^ {He^~^£) for t — » 00. Since is geodesically convex, there is 

a constant c^-R and liminfi_ s>+00 ^^^(ife^^^) > C|. Then we have an 
inequality $3;,^ {He^~^^) > c^t — iVi for all i G R, for some sufficiently large 
TVl If |o ^ L then 

f 1 1 

> min _ / -\\h'\\l + cd- Ni 

> dist G \ G c (e 2 ^«° , e 2 ^ 1 ^ 1 ) 2 + C|t - A^ a 
Now G\G C is an Hadamard manifold, therefore the function 

t ^ dist G \ GC (e 2v/TT ^ ,e 2v/rT ^) 

is convex. Since (0 / 6, there exists a positive constant N 2 > and 

dist G \ G c(e 2v/3T ^,e 2 v /3T ^) 2 > N 2 t 2 

for t > 1, and we obtain (■ 1 (He*~^ ) — ?• 00 for t — > 00. 
If Co = £i> then £ G h p . In this case we have 
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for t — > oo, if we take £ ^ stab(^(x)) = stab(x), where the stab is defined in 
the next section. Thus ^ has a critical value by Proposition 13.21 □ 

Next we show the converse correspondence. From now on, we assume that 
there is an if-invariant global Kahler potential tp : M — y R of (M, I\,uj\), 
then we have 

^ (l (H p e^) = ip{e^x) - + const. , 

^(x,Q,r,Ui (He^) = <f(e^x) + £{Q, rj) - (Ci, |) + const. , 

where (6 h p and (eh. Here we may assume the constant in the right hand 
sides of equalities are equal to 0. 

Proposition 4.4. Assume that there exists a smooth function q : R — >• R 
such that \\n(x)\\ 2 < q(ip(x)) and q'((p(x)) > for any x G M. Suppose that 
if <^(e y/ ~ T ^ • x) — y oo /or t — y oo t/ien lim^oc </?(e v/ ~ T ^ ■ x)/t = oo /or any 
f G h p . //^(x) G Oc 1 (Cc)ci; a? e /^(^CcW- 

Proof. Assume that $^( x .) ^ has a critical point. From Proposition 13. 3[ 
^ip(x) Ci * s Stab(r^(x)) c invariant and the induced map 

% )>Ci : tf\tf c /Stab(^(;r)) c R 

is proper, and bounded from below. Since H p \H p /Stab (x) c is a closed sub- 
set of if\if c /Stab(>(:r)) c , F : = ^ (a . ))Cl |ff p \ffc /stab(x )c is also proper and 
bounded below. 

If (Q,rj) := (1, 77(02;)) for G if^ , we have an upper estimate 

£(l,n(gx)) < \\r](x)\\ 2 < q(<p(gx)), 
by taking a path h G -P(l, 1) to be h(s) = 1. Hence if we take £ G h p , then 
^), Cl (# e ^) < ^•CiC^e^) + g(^(e^r)) =: F + (H p e^). 

Now F + induces a function F + : if p \if p c: /Stab(a;) <c — > R, which satisfies 

F + > F, therefore F + is also proper and bounded from below. Thus F + has 
a minimum point e v/ ~ T ^ G H p \H p z , and have 

= (dF + ) eV =T S = (1 + g'(^e^x)))u(e^x) - 

Now we have shown that $>x,s-i*& has a critical point if we put s = 1 + 
q'(<p(ev~~*tx)), hence & x ,t,*Ci a l so has a critical point by Proposition 13.51 □ 

Remark 4.1. The assumption of Proposition 14.41 is always satisfied if M is 
the quaternionic vector space M. N with Euclidean metric, and H C Sp(N) 
acts on M linearly. 
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4.3 Proof of the main theorem 

Proposition 4.5. Stab(rr) C H p and Stab(y) C H are isomorphic as Lie 
groups for any x G and y G 0" _1 (C) satisfying yH = ip{xH p ). 

Proof. The assertion follows directly from Proposition 13.41 and the isomor- 
phism (|SJ). □ 

Proof of Theorem \l.l[ Define an open subsets /Ac (^Cc)!*^ c /Ac^^Cc) an d 
^(Cc)S C ^(Cc) by 

vc\(c)Z ■= {yG/z^^Cc); ^^nar 1 (Ci)^0}. 

Then the naturally induced maps 

h-\l*q/h p -> //cVCc):*v/#p> * _1 (o/tf -> ^(Ccjs//^ 3 

gives an isomorphisms as complex analytic spaces by the main theorem 
in [8], where //is the categorical quotient. Moreover /i^ (i*Cc)f*f x an d 

(Cc)?i are the minimal open subsets of /^(^Cc) and cr^ ((c) contain- 
ing A*c 1 ( i *Cc)t*Ci anc ^ cr c 1 (Cc)ci5 respectively Then ^ gives a bijective map 
^(^CcYJj/Hf ->• (Tc^Cc)^//^ by Propositions E21S21 andS21 More- 
over it is biholomorphic since r/> is obviously holomorphic and the inverse of 
ip is also holomorphically defined in the proof of Proposition 14.21 

Let [I[ , Jj > I3 ) be the hypercomplex structure on ii~ 1 (l*C)/H p in- 
duced from (Ii,l2,h) on M. Similarly, let (if, ll,/!) be the hypercomplex 
structure on <7 _1 (()/ii" induced from (/j x I G1 , J 2 x I G>2 , J 3 x I G3 ) on M x iV G . 
Moreover, let u;| and be the corresponding Kahler forms. 

If Hp acts on freely, then if also acts on cr~ 1 (C) freely from 

Proposition 14.51 hence (l* Q / H p and o~~ l (()/H become smooth hyper- 
Kahler manifolds by [9]. Since M and M x iV G are complete, h~ 1 (l*Q/H p 
and a~ 1 (()/H are complete, too. See [12] for the completeness of iV G . 

The equality ip*{oj\ + y/— lu^) = ^ + "\/— 1^3 follows directly from 
the definition of ■?/> in Section 14.11 and the fact that any fiber of T*G C are 
holomorphic Lagrangian submanifolds. 

Next we show the corresponding of Kahler classes. For each y G S 2 = 
{y = (2/1, 2/2, 2/3) e M 3 ; y\ + y\ + y\ = 1}, put 

3 3 

i=i i=i 
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Now we take y',y" G S 2 such that {y,y',y"} is the orthonormal basis of 
R 3 with the positive orientation. Then we can apply Theorem 11.11 for the 
complex structure Iy^ and 7^, and obtain a biholomorphism ip y . Thus we 
obtain a continuous family of diffeomorphisms {ipy} y parametrized by y G S 2 . 
Since S 2 is connected, the induced maps 

does not depend on ?/ 6 S 2 . Since each ip y identifies the holomorphic sym- 
plectic forms with respect to P*^ and 7^, therefore ^[wf] = [w- ^) holds for 
i = 1,2,3. ' ' □ 

Finally, we show the correspondence of the parameter spaces of two hyper- 
Kahler quotients. 

Proposition 4.6. Let (,(' G ImH <g> Z H satisfies t*( = Then hyper- 

Kdhler quotients cr~ 1 (C)/77 and er _1 (£')/77 are canonically identified. 

Proof. Take (,('e ImH <g> Z H such that l*( = Then - C e ImH © 

Ann. hp, and there exists a unique A = (Aj., A, A3) G ImH (g) g* such that 
p*(A, -A) = (' - ( by Lemma EJ Define A G A/g by A(t) : = (0, A, A 2 , A 3 ) 
for all £ G [0, 1]. Then a C°° map a^C) ->■ 0- _1 (C) defined by {x, [T]) ^ 
(x, [T + A]) gives an isomorphism cr _1 {Q/H —¥ a^ 1 ((') / H . □ 

5 Examples 

Here we raise some examples which Theorem 11.11 can be applied to. 
5.1 Hilbert schemes of k points on C 2 

Here we apply the main results obtained in the previous sections to the case 
of 

M = End(C fc ) © End(C fe ) © C k © (C fc )* 

G = U(k), 77 = U(k) x U(k) and p = id : 77 -»■ G x G. Here, 77-action 
on M is defined by (g ,gx) ■ (A,B,p,q) := (g Ag^\ g^g^ 1 , g p } qg^ 1 ) for 
<7o,0i G E/Yjfe), A,Be End(C fc ), p G C fe and g G (C fc )*. According to [H], 
= R and p~ 1 (t*()/H p is a smooth hyper-Kahler manifolds diffeomorphic 
to a crepant resolution of (C 2 ) k /Sk if i*C G ImH is given by i*( = (£,0,0) 
for £ 7^ in this situation. Here, Sk is the symmetric group acting on (C 2 ) fc . 
If t*( = 0, then /i _1 (0)/i7 p is isometric to (C 2 ) k /Sk with Euclidean metric. 
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Then we have a family of smooth hyper-Kahler manifolds a~ l (()/H which 
are biholomorphic to H p . In particular, we can study a~ 1 (0)/H 

which gives a singular hyper-Kahler metric on (C 2 ) k /Sk as follows. 

Theorem 5.1. Let M,H,G,p be as above. Then o" -1 (0)/.ff is isometric 
to (C^ aub _ NUT ) k / Sk on their regular parts, where C^ aub _ NUT is Taub-NUT 
space. 

Before the proof of Theorem I5.1[ we see that Nl is identified with the 
open subset of L x l 3 as follows by [3J, for any compact Lie group L. Let 
T G Ml and / : [0, 1] — >■ L be the solution of the initial value problem 

Ad /(S) T ( S ) + /( S )^/( S )- 1 = 0, 

/(I) = 1. 

Then a C°° map : Nl — > L x l 3 is defined by 

<KP1) := (/(0)- 1 ,T 1 (l),T 2 (l),T 3 (l)). 

<p is an diffeomorphism from Nl to an open subset of L x l 3 . In particular, 
is surjective and an isomorphism of hyper-Kahler manifolds if L is a torus, 
therefore we may assume N T k = T k x ¥L 3k . 

Next we begin the proof of Theorem 15.11 The inclusion T k C ?7(fe) which 
is given by 

T k = {diag(#i,---,o fe ) G */(*); g u ---,g k e S 1 } 
induces an embedding N T k C Nu{k)- Now we put 

M := {(A, B, 0,0) EM; A = diag(a 1 , • • • , a fc ), B = diag(6 1; •••,&*)} 

c fc ©c fc , 

then Mo := Mq x N T k is a hyper-Kahler submanifold of M := M x Ny^)- 
Let a closed sub group H C H be generated by 

{(<7X,x)e E/(A;) x 2 e T fc , % G Sk}, 

then i^o is isomorphic to Sk t< T h . Then, ifo-action is closed on Mo, and we 
obtain the hyper-Kahler moment map a® := 6q ° °"Ia/ ' — ® ^0' 
where tg : h* — > is the adjoint map of the inclusion h c — >■ h. Here, 
h = u(/c) © {0} is the Lie algebra of H . 

Lemma 5.2. We /iai>e cr _1 (0) = (o"|^ ) _1 (0) ; and the naturally induced map 
<Jq (0)/Hq — > o~ l (0)/H zs injective. 
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Proof. For x = (A, B, 0, 0) G M, we have 

jl{x) = (y/-[(B*B- AA*),y/-L(-AB-B*A*),-AB + B*A*) 
@(V-1(A*A - BB*), V^1(BA + A*B*), BA - A*B*) 
G ImH® (u(k) ©u(fc)), 

where u(fc) is the Lie algebra of U(k), and we identify u(k) = u(k)* by the 
bilinear form (u,v) h-> tr(W). If x G M , we can put 

A = diag(ai, • • • , a k ), B = diag(6i, •••,&*)> 

and we obtain 

jj( x ) = -^l T ( x ) © ^\ T {x) G ImH <g> (t fe © t fc ), 

where t k := Lie{T k ) C u(Jfe), and r = (ri,r 2 ,r 3 ) : M ->■ ImH © R k is the 
hyper-Kahler moment map with respect to the tri-Hamiltonian T fc -action on 
M defined by 

ti(x) = diag(|ai| 2 - |6i| 2 , • • • , |a fc | 2 - |6 fc | 2 ), 
t 2 (x) = diag(2Re(ai&i), • • • , 2Re(a fc 6 fc )), 
r 3 (x) = diag(2Im(ai&i),---,2Im(afc& fe )). 

Under the identification (9,y) G T k x R 3fc = N T k, we obtain p*(u(9,y)) = 
\ / —l(y, —y). Thus we have o~(x,9,y) = \J — 1(— t(x) + y,r(x) — y) and 
ao(x,9,y) = \/^A(—t(x) + y) for (x,t,y) G Mo, which implies o" 1 (0) = 
( cr l^ ) _1 ( )- Then we obtain a \0)/H ->■ <7 _1 (0)/if by the inclusion 
rf)c^(O). 

Next we show the injectivity of aQ 1 (0)/H o ->• a^ty/H. Let (x,0,y) G 
tro^O) and (# ,#i) E H = U(k) x U(k) satisfy (# ,#i) • (5,0, J/) e ^o^ )- 
Since (0o,ffi)-(M,J/) = ((g , g x )-x, g 9g ] ; 1 , Ad gi y), we have 9 := g 9g^ G T fc . 
For x = (A, 5, 0,0), 

(go,gi)x = (goAg^^xBgo 1 ^^) 

= (g A9- 1 g^ 1 9, 9- 1 g 9Bg 1 , 0, 0) =: (i, 5, 0, 0) G M , 

then we have equalities between diagonal matrices t/o^ -1 ^ 1 = an d 
go9BgQ X = 0B. By comparing the eigenvalues of both sides, we can see there 
exist % G such that a x ^9~L = cli9~ 1 and & x (*)^x(«) = ^» for i = 1, • • • , /c, 
where aj,&j,0j,0j are the i x i components of A,B,9,9, respectively. This 
implies that (x,t,y) and (<?o,<?i) • (x,9,y) lie on the same ifo-orbit, since 
y = t{x). □ 
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Proof of Theorem \5.1[ It is easy to see that o-q 1 (0)/H — > cr _1 (0)/if pre- 
serves the hyper-Kahler structures. Since <T^ 1 (0)/i7 = ( cr o 1 (^)/T k )/Sk 
and cr ( 7 1 (0)/T fc is isomorphic to {C^ aub _ NUT ) k , therefore cr _1 (0)/22" contains 
^Taub-NUT) k I $k as a hyper-Kahler suborbifold. From Theorem 11.11 the 
quotient space <7 _1 (0)/22" is homeomorphic to p~ l {Q) / H p , which is (C 2 ) k /Sk 
by [II]. Since (C 2 ) fc /£fc is connected, and [C^ aub __ NUT ) k / Sk is complete, the 
embedding cr^ 1 (0)/H — > cr _1 (0)/22 should be isomorphic. □ 

5.2 Quiver varieties 

The setting considered in Section 15.11 can be generalized to quiver varieties 
defined by Nakajima [12], which contains ALE spaces constructed by [TTj . 
Quiver varieties are constructed as hyper-Kahler quotient as follows. 

Let Q = (V, E, s, t) be a finite oriented graph, that is, V and E are finite 
sets with maps s,t : E — > V, where s(h) G V is a source of a quiver h G E, 
and t(h) G V is a target. More over 22 is decomposed into E = QU Q, with 
one to one correspondence Q — > Q denoted by h h> h satisfying s(h) = t(h) 
and t(h) = s(h). Next we fix a dimension vector v = (ffc)jtey, where each 
is a positive integer. Then the action of Ylk&v U(vk) on 

M = Hom(C^> , ) © Rom{C Vt ^ , C'W ) (7) 

by (# fc ) fc ■ (A h ,B h ) h := (g t{h) A h g~^ hV g s{h) B h g^ h) ) h . Then the quiver varieties 
are constructed by taking hyper-Kahler quotients for this situation. 

Here we explain the settings of Taub-NUT deformations for quiver va- 
rieties, which contain the case of (2]. Let M be as (jTf. We define H,G,p 
as follows so that 22p = Ylkev ^( v k)- We take another finite oriented graph 
Q = (V,E,s,t) with a surjection tc : V — > V satisfying ii(s(h)) = s(h) 
and ir(t(h)) = t(h) for all h G 22. We label elements of 7r _1 (fc) numbers as 
7r _1 (A;) = {ki, k2, ■ ■ ■ , kN k }- Note that Q may be disconnected even if Q is a 
connected graph. A dimension vector v' = (vj^^y is determined by v~ k = v^~ k 

for all k G V. Then we define 22 := [T^y ^K) and G := Ukev U ( v k) Nk ~\ 
where V' = {k G V; fj^r 1 (/c) > 2}. A homomorphism p : 22 — )■ G x G is 
defined by 

P((9k)kev) = ((9ki,9k2, ■ ■ ■ ) Pfc JVfc _ 1 ), (fffe, • • ■ ,9k Nk ^gk Nk ))k&v' 

Then p^ 1 ^*^)/ H p becomes a quiver variety, and we obtain another hyper- 
Kahler quotient a -1 {()/H diffeomorphic to p' 1 {l* Q / H p . 
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5.3 Toric hyper-Kahler varieties 

In the previous sections we assumed that H and G are compact. However, 
the compactness is not essential for the proof of Theorem 11.11 we need only 
Adc-invariant positive definite inner products on its Lie algebra and the 
existence of hyper-Kahler metrics on Nq with tri-Hamiltonian G x G-actions. 
In this subsection we consider the case of noncompact abelian Lie groups 
H = R and G = 1R /k, where the vector subspace k C R is given by 
k = kz <8> M for some submodule kz G Z N . p : H — > G x G is defined by 
p(v) := (f mod. k, 0), then p defined by is surjective. In this case we 
put Nq := G x G x G x G with the Euclidean metric, and G x G-action on 
N G is defined by (5-0, 9i) ■ (h , h, h 2 , h 3 ) := (h + g - g u h u h 2 , h 3 ). Then 
Theorem 12.11 [2T21 and Proposition 12.51 hold in this case. Let M = M. N , and 
define iJ-action on M by 

(*!, • • • , t N ) ■ ( Xl , ■ ■ ■ , x N ) := ( Xl e- 2mh , • • • , x N e~ 2mtN ). 

The the hyper-Kahler quotient p~ 1 (i*Q/H p becomes a toric hyper-Kahler 
variety, and cr _1 (C)/i? is its Taub-NUT deformation defined in pp. Theorem 
11.11 can be also applied to this situation. 

5.4 Hyper-Kahler manifolds with tri-Hamiltonian ac- 
tions 

Here we show that the limited case of Theorem 7 of [1] also follows from 
Theorem 11.11 Let M = M N and H C Sp(N). Take a normal closed sub- 
group H p C H and put G := H/H p . Let p : H — )■ G x G be given by 
p(/i) := (l,hHp). Then X = p~ 1 (l*()/H p is a hyper-Kahler manifolds with 
tri-Hamiltonian G-action, and a~ l {C,)/H is the modification of pT 1 (i*( > )/H p 
defined in Section 5 of jl] . From Theorem 11.11 we have the following results. 

Theorem 5.3. Let X = p~ l {t*C)/H p be a tri-Hamiltonian G hyper-Kahler 
manifold defined as above. Then the modification of X in the sense of Section 
5 of /^]/ by the tri-Hamiltonian G-action is isomorphic to X as holomorphic 
symplectic manifolds, hence diffeomorphic. 

By Theorem 7 of [1], we have already known that cr _1 (C)/if is diffeomor- 
phic to p^ 1 (i /1 (Nc) + C)/H p , which is an open subset of X. Theorem 15.31 
asserts that this open subset is diffeomorphic to X, even if it is a proper 
subset of X. 
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